Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 000000 00000 o]

Ranking the Rows of a Permuted Isotonic Matrix
in Noise

Emmanuel Pilliat — ENSAI

Presented at SODA24 [https://arxiv.org/abs/2310.01133],
Joint work with

Alexandra Carpentier — Uni Potsdam, Germany
Nicolas Verzelen — INRAE Montpellier, France



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
900000000000 000 000000 00000 o]

Motivations for Ranking

Crowdsourcing data

Tournaments



Introduction to Ranking Existing Methods Contributions and Algo
©00000000000000 000000 00000

Motivations for Ranking

Crowdsourcing data

» Correctness of answer for
pairs of expert/questions

Tournaments

Conclusion
o]



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
900000000000 000 000000 00000 o]

Motivations for Ranking

e SEET . EEEGZE
automobile (52

bird

Crowdsourcing data

cat

» Correctness of answer for

deer

pairs of expert/questions - LR e
horse HIHEIWPIEHIEI
CIFAR10H Dataset st

SRS T P
truck dlthiHIl

Tournaments



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
900000000000 000 000000 00000 o]

Motivations for Ranking

o SRR , MEEES
automobile (52

bird

Crowdsourcing data

cat

» Correctness of answer for

deer

pairs of expert / questions f";
CIFAR10H Dataset w  EECEdEEd
wec o e B B S SR R

Tournaments

» Pairwise comparison
between players



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
900000000000 000 OOOOOO 00000 o]

Motivations for Ranking
airplane e [ B 7 w...=-
Crowdsourcing data emente E;Eg-;?.

kT
« HEEoESEEEsP
Lol o I k]

» Correctness of answer for
pairs of expert/questions dog

frog

deer

horse

| P afiap |
CIFAR10H Dataset wo EEcE ﬂ:—aEl!
ook e 50 I R

Tournaments

» Pairwise comparison
between players

Sports and video games

e.g. [Cattelan et al., 2013|
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General Question

Given the correctness of answer from n experts to d questions.

» How accurately can we recover the ranking of the
experts?
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I —
Pairwise Comparison Setting in
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1: Wins  0: Loses
Player i € {1,...,n}

Player k € {1,...,n} x 11
We observe for all 7, k: 0 x 0
0 1 x

Yik =1 — Yy ~ Bern (M)
3 players

Player ¢ wins against player k

& Yip=1
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Observation Model
Y, = Bern(M;;,), with M € [0, 1]™*¢
» Independent observations

» Poisson(\) observations per entry (i, k)

> )\ < 1: partial observations

» For simplicity, we assume that A =1

Isotonic Model: |[Flammarion et al., 2019]
3 unknown permutation 7*: 1

0.6 0.7 0.7 0.6
0.8 0.7 09 08
0.5 0.7 0.5 0.6
09 08 09 1

M+ is isotonic

» Goal: recover 7*, the
ranking of the experts/rows
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Main Questions

Permuation Estimation:

Rperm (1, d) = inf sup E[|| Mz — Mz |[7]

perm
T M+

Matrix Reconstruction:

Rieeo(n, d) = inf sup E[||M — M]%]
N M,

reco

» Is there a computational-statistical gap?
P [s estimating 7* easier than reconstructing M?
(R;erm < 7z::eco?)
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Short Story

Parametric Models » No computational gap for
» BTL: M, = ¢(a; — by) parametric models
Non-Parametric Models e.g. [Chen et al., 2022
P Isotonic: My« isotonic » Mostly unknown for
» Bi-Isotonic: My« non-parametric models:
bi-isotonic computational gaps were
conjectured
e.g.

[Flammarion et al., 2019,
Mao et al., 2018|
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Contributions

Overview

» There is no significant computational gap

» Much easier to estimate 7* than M in many regimes

Corollary for the bi-isotonic model (Mz+,+ bi-isotonic):

> Poly. time algo achieves better rates than state of the art
[Mao et al., 2018, Liu and Moitra, 2020]
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Global Average Comparison

» Rank according to the averages:

d
Zym

k=1

Y, =

Ul =

Matrix Y (M in noise).
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Global Average Comparison

» Rank according to the averages:

Rierm = SUP s v Ell| Mz — M ||7]

perm

Guarantee on 7" [Shah et al., 2016]

3 %
Rﬁ—av (n’ n) (S [logc(n)n3/27logc(n)ng/z] Matrix Yﬁ—av (M ln nOiSG).

perm
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Global Average Comparison

» Rank according to the averages:

Rgerm = SUDpf 7= E[”Mﬂ' — Mz~ ||%7]

Guarantee on 7" [Shah et al., 2016]

Rierm (1) = 0/
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|
Global Average Comparison Lower Bound for Two Rows

» Rank according to the averages:

Rfr

perm

= suppy o B[ M5 — My |[7]

Guarantee on 7" [Shah et al., 2016]

Rierm (1) = 0/
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Global Average Comparison Lower Bound for Two Rows

» Rank according to the averages:

Mi =3 353)
1 d
— _ (1 1
=5 Y Mo, = (... 51...1)
k=1 v

Rgerm = SUPpy 7= E[”Mﬂ' — Mz~ ||%7]

Guarantee on 7" [Shah et al., 2016]

Rierm (1) = 0/
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Global Average Comparison Lower Bound for Two Rows

» Rank according to the averages:

M =(3-533)
1 ~
_ _ (1 1
=5 Y Mo, = (... 51...1)
k=1 vad
'Rgerm = Sup /- E[| Mz — My~ ||%,] » 1 and 2 are likely to be
inversed by 7V

Guarantee on 7" [Shah et al., 2016]

Rierm (1) = 0/



Introduction to Ranking Existing Methods Contributions and Algo
0000000000000 00

Conclusion
0@0000 00000 o]

Global Average Comparison Lower Bound for Two Rows

» Rank according to the averages:

M =(3-533)
1 ~
_ _ (1 1
=5 Y Mo, = (... 51...1)
k=1 vad
'Rgerm = Sup /- E[| Mz — My~ ||%,] » 1 and 2 are likely to be
inversed by 7V

> [ My, — My, |3 = Vd
Guarantee on 7" [Shah et al., 2016]

Rierm (1) = 0/
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Global Average Comparison Lower Bound for Two Rows

» Rank according to the averages: 1 11 1

My.=(3.--33-3)
1 —

=5 Y Mo, = (... 51...1)
k=1 ~v\/8

'Rgerm = Sup /- E[| Mz — My~ ||%,] » 1 and 2 are likely to be

inversed by 7V

> |[My. — My ||} = Vd

> R > /d

s P32 perm ~
Rperm(”) Tl) ~n /

Guarantee on 7" [Shah et al., 2016]
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» Simple Global Average Comparison
» Least-Square
» Poly. Time Methods only in the Bi-isotonic Model



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 000e00 00000 o]

Least-Square |Flammarion et al., 2019]

Brute-Force all n! permutations 7 until Y, -1 is close to an
isotonic matrix:



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 000e00 00000 o]

Least-Square |Flammarion et al., 2019]

Brute-Force all n! permutations 7 until Y, -1 is close to an
isotonic matrix:
7 =argmin diso(Y,-1) ,
™

diso: distance to isotonic matrices in Frobenius norm.
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Least-Square |Flammarion et al., 2019

Brute-Force all n! permutations 7 until Y, -1 is close to an
isotonic matrix:
7 =argmin diso(Y,-1) ,
™

diso: distance to isotonic matrices in Frobenius norm.

T
Rperm

= Supy - B[| Mz — M- |[7]
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Least-Square |Flammarion et al., 2019

Brute-Force all n! permutations 7 until Y, -1 is close to an
isotonic matrix:
7 =argmin diso(Y,-1) ,
s

diso: distance to isotonic matrices in Frobenius norm.

Ricrm = SUPp - E[[| Mz — Mae||]

perm

Guarantee on T
RT (n,n) < ni/3

perm
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perm

Guarantee on T
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» Better than global average
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Least-Square |Flammarion et al., 2019

Brute-Force all n! permutations 7 until Y, -1 is close to an
isotonic matrix:
7 =argmin diso(Y,-1) ,
s

diso: distance to isotonic matrices in Frobenius norm.

[ Rgerm = SUPpf E[HMfT — Mz~ ”%‘] ]

Guarantee on T
RE_(n,n) <n*/3

perm

» Better than global average
> Not poly. time
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Least-Square |Flammarion et al., 2019

Brute-Force all n! permutations 7 until Y, -1 is close to an
isotonic matrix:
7 =argmin diso(Y,-1) ,
s

diso: distance to isotonic matrices in Frobenius norm.

Ricrm = SUPp - E[[| Mz — Mae||]

perm

Guarantee on T
RE_(n,n) <n*/3

perm

» Better than global average
> Not poly. time

~ o 4/3 o a0
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Existing Methods

» Simple Global Average Comparison
» Least-Square
» Poly. Time Methods only in the Bi-isotonic Model



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
000000000000000 00000e 00000 (e}

Polynomial Time Method in The Bi-Isotonic Model



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
000000000000000 00000e 00000 (e}

Polynomial Time Method in The Bi-Isotonic Model

» Local averages [Mao et al., 2018]



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 00000e 00000 o]

Polynomial Time Method in The Bi-Isotonic Model

» Local averages [Mao et al., 2018]

» Change-Point detection
[Liu and Moitra, 2020]



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 00000e 00000 o]

Polynomial Time Method in The Bi-Isotonic Model

» Local averages [Mao et al., 2018]

» Change-Point detection
[Liu and Moitra, 2020]

» Hierarchical clustering
|Liu and Moitra, 2020|



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 00000e 00000 o]

Polynomial Time Method in The Bi-Isotonic Model

» Local averages [Mao et al., 2018]

» Change-Point detection X
[Liu and Moitra, 2020] R = sup H‘:[HM;r — M~ ||%‘]
M,7*

perm

» Hierarchical clustering
|Liu and Moitra, 2020|




Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 00000e 00000 o]

Polynomial Time Method in The Bi-Isotonic Model

» Local averages [Mao et al., 2018]

» Change-Point detection X
[Liu and Moitra, 2020] R = sup IE[”]M;r — M~ ||%‘]
M,7*

perm

» Hierarchical clustering
|Liu and Moitra, 2020|

Guarantee in bi-isotonic model when n = d [Liu and Moitra, 2020]

RE (n’ n) < n7/6+o(1)

perm
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» Local averages [Mao et al., 2018]

» Change-Point detection X
[Liu and Moitra, 2020] R} = sup E[|| Mz — M~ H%‘]
M,7*

perm

» Hierarchical clustering
|Liu and Moitra, 2020|

Guarantee in bi-isotonic model when n = d [Liu and Moitra, 2020]

RE (n, n) < n7/6+o(1)

perm

» Not adapted to the isotonic model (Here My«,+ bi-isotonic)
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» Local averages [Mao et al., 2018]

» Change-Point detection X
[Liu and Moitra, 2020] R} = sup E[|| Mz — M~ H%‘]
M,7*

perm

» Hierarchical clustering
|Liu and Moitra, 2020|

Guarantee in bi-isotonic model when n = d [Liu and Moitra, 2020]

RE (n, n) < n7/6+o(1)

perm

» Not adapted to the isotonic model (Here My«,+ bi-isotonic)
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Polynomial Time Method in The Bi-Isotonic Model

» Local averages [Mao et al., 2018]

» Change-Point detection X
[Liu and Moitra, 2020] R} = sup E[|| Mz — M~ H%‘]
M,7*

perm

» Hierarchical clustering
|Liu and Moitra, 2020|

Guarantee in bi-isotonic model when n = d [Liu and Moitra, 2020]

RE (n, n) < n7/6+o(1)

perm

» Not adapted to the isotonic model (Here My«,+ bi-isotonic)
» Not optimal when n < d

» Not optimal when we have partial observations (A < 1)
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Contributions

’Rgerm = SUD /7= E[|| Mz — M

2 * __infLPT
F] Rperm - lnfﬂ Rperm
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Theorem

In the Isotonic model, for all n, d, A,
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2 * __infLPT
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Theorem

In the Isotonic model, for all n, d, A,

3 poly. time estimator 7 that achieves, up to a numerical constant C,

R < [108° (39)] Rpcrm
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Contributions

’Rgerm = SUD /7= E[|| Mz — M

2 * — 9 r
F] ] Rperm = infs Rperm

Theorem

In the Isotonic model, for all n, d, A,

3 poly. time estimator 7 that achieves, up to a numerical constant C,

R < [108° (39)] Rpcrm

When A =1 and n < d, up to polylogs:
RE. =n?3Vd

perm
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Contributions

’Rgerm = SUD /7= E[|| Mz — M

2 * __infLPT
F] Rperm - lnfﬂ Rperm

Theorem

In the Isotonic model, for all n, d, A,

3 poly. time estimator 7 that achieves, up to a numerical constant C,

R < [108° (39)] Rpcrm

When A =1 and n < d, up to polylogs:
RE. =n?3Vd

perm

When n = d, we recover the n7/6 rate in the easier bi-isotonic model
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W;j is large: confident in estimating row i above row j

For all 4, compute:
1. Neighborhood G(© of rows around i according to W
2. Subset of columns Q C [d]
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Weighted Comparison Graph Updates

W e Rnxn, Wij = —Wj'

W;j is large: confident in estimating row i above row j

For all 4, compute:
1. Neighborhood G(© of rows around i according to W
2. Subset of columns Q C [d]

3. Vector u € RE
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W e Rnxn, Wij = —Wj'

W;j is large: confident in estimating row i above row j

For all 4, compute:
1. Neighborhood G(© of rows around i according to W
2. Subset of columns Q C [d]

3. Vector u € R%
4. Z/[ij = <Y; - Y],u>
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Weighted Comparison Graph Updates

W e Rnxn, Wij = —Wj'

W;j is large: confident in estimating row i above row j

For all 4, compute:
1. Neighborhood G(© of rows around i according to W
2. Subset of columns Q C [d]

3. Vector u € R%
4. Z/[ij = <Yz - Y],u>

If |Ll”| Z |Wij|, Update Wij = L{ij
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Weighted Comparison Graph Updates

W e Rnxn, Wij = —Wj'

W;j is large: confident in estimating row i above row j
For all 4, compute:
1. Neighborhood G(© of rows around i according to W
2. Subset of columns Q C [d]
3. Vector u € R("E
4. Uy = (Yi = Y., u)

If |M1]| Z |Wij|, Update Wij = L{ij ]

» Perform a polylog number of iterations
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W e Rnxn, Wij = —Wji

For all 4, compute:
1. Neighborhood G of i
2. Subset Q C [d]

3. Vector u € IR?
4. Z/{l‘j = <Y; - Yj,u>

If [Uiz| > [Wisl,
Update Wij = L{l

Conclusion
o]
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W e Rnxn, Wij = —Wji

For all 4, compute:
1. Neighborhood G of i
2. Subset Q C [d]

3. Vector u € IR?
4. Z/{l‘j = <Y; - Yj,u>

If [Usj| > Wi,
Update Wij = L{ij

Final weighted graph Wf

Conclusion



Introduction to Ranking Existing Methods Contributions and Algo Conclusion
0000000000000 00 000000 00e00 o]

|
nxn = N . . .
WeR » Wij Wii Permutation Estimation

For all 4, compute:
1. Neighborhood G of i
2. Subset Q C [d]

. Vector u € IR?
. Ul‘j = <Y; - Yj,u>

= W

If [Uiz| > [Wisl,
Update Wij = le

Final weighted graph WY
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W e Rnxn, Wij = —Wji

For all 4, compute:
1. Neighborhood G of i
2. Subset Q C [d]
3. Vector u € IR?
4. Uiy = (Y3 — Y., u)

If [Usj| > Wi,
Update Wij = L{ij

Final weighted graph Wf

Conclusion
00e00 o]

Permutation Estimation

Thresholded Graphs

G(y) ={(,4) : Wi >~}

1] —
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|
nxn = N . . .
WeR » Wij Wii Permutation Estimation

Thresholded Graphs

For all 4, compute:

1. Neighborhood G of i

G(v) ={G.5) + Wi; 27}
2. Subset Q C [d]

1] —

3. Vector u € IR?
4. Z/{l‘j = <Y; - Yj,u>

If [Usj| > Wi,
Update Wij = L{ij

Final weighted graph Wf

> G(v) is 0 if v is large
» G(0) is the comnlete eranh
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W e Rnxn, Wij = —Wji

For all 4, compute:
1. Neighborhood G of i
2. Subset Q C [d]
3. Vector u € IR?
4. Uiy = (Y3 — Y., u)

If [Usj| > Wi,
Update Wij = L{ij

Final weighted graph Wf

Contributions and Algo Conclusion
00e00 [e]

Permutation Estimation

Thresholded Graphs

G(7v) ={(G,5) = Wi >}

Minimal threshold

[ 4 = inf,{G(v) is acyclic}

> G(v) is 0 if v is large
» G(0) is the comnlete eranh
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|
nxn o= I . . .
WeR » Wij Wii Permutation Estimation

Thresholded Graphs

For all 4, compute:

: (0) ; ..
1. Neighborhood G'\”) of 4 G(v) = {@,5) : Wifj > v}
2. Subset @ C [d]
o Minimal threshold

3. Vector u € RY
4. Uiy = {Y; =Y., u) [ 4 = inf,{G(v) is acyclic}

If (Ui | > (Wil

U;|)d;]t|e_)/\|/ij Uzl U, Estimator 7 is such that
‘ ‘ ; (4,5) € 6(7) = #(i) > 7(j)

Final weighted graph W

> G(v) is 0 if v is large
» G(0) is the comnlete eranh
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nxn o= I . . .
WeR » Wij Wii Permutation Estimation

Thresholded Graphs

For all 4, compute:

: (0) ; ..
1. Neighborhood G'\”) of 4 G(v) = {@,5) : Wifj > v}
2. Subset @ C [d]
o Minimal threshold

3. Vector u € RY
4. Uiy = (Y3 — Y., u) [ 4 = inf,{G(7) is acyclic}

If (Ui | > (Wil

Ugdgt|e_)/\|/ij Uzl U, Estimator 7 is such that

(4,5) € 6(7) = #(i) > 7(j)
Final weighted graph WY

> G(v) is 0 if v is large

» G(0) is the comnlete eranh
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For a given row 4, consider:

Contributions and Algo
00000

Conclusion
(e}
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Choosing @
. . . G#
For a given row 4, consider: o
» Neighborhood G(© of i G®
o)
GO
G
G(=2)
G(=3)
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Choosing Q

For a given row 4, consider:
» Neighborhood G(© of i
> Set VT of rows j above G(©)
» Set V~ of rows j below G(©

Contributions and Algo

Conclusion
o]

G@

a®

v,

[eic

G

GO

a=v

G(=2)

G(=3)
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Choosing Q

. . . G#
For a given row 4, consider:

G®
» Neighborhood G(© of i rl
> Set VT of rows j above G(©) G:)) l

]
» Set V~ of rows j below G(© =
V_I “ el
G(H
G(=3)

Set Q

Reduce the dim. of columns to

Q=1 : oy D Ya—pg > Ya>h)

eyt 1€V
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Choosing Q

For a given row 4, consider: Z::
» Neighborhood G(© of i EI__I_I B | |
> Set VT of rows j above G(©) I " c<(”)| I i
G 0
» Set V~ of rows j below G(© . o
G(=3)
Y(G”,Q)

Reduce the dim. of columns to

Q:{k:ﬁ Yik—ﬁzyﬁc>h}
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W e Ran, Wij = —Wji

For all 7, compute:
1. Neighborhood G of i
2. Subset Q C [d]

w

. Vector u € R?
Uy = (Y =Y, u)

=~

If [Uiz| > [Wisl,
Update W;; := U,

Final weighted graph Wf
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W e Ran, Wij = —Wji

For all 7, compute:
1. Neighborhood G of i

2. Subset Q C [d]
Spectral method on Y(G(O), Q)

w

. Vector u € R?
Uy = (Y =Y, u)

=~

If [Uiz| > [Wisl,
Update W;; := U,

Final weighted graph Wf
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» Poly. time and near minimax optimal ranking method
» Results adapted to rectangular cases and partial observations

» Can be associated with isotonic regression for optimal estimation
of the whole matrix M
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Conclusion

Isotonic Model

>

>
| 4
| 4

v

Weak non-parametric assumptions
Poly. time and near minimax optimal ranking method
Results adapted to rectangular cases and partial observations

Can be associated with isotonic regression for optimal estimation
of the whole matrix M

Improve existing poly. time rates in all the regimes in the easier
bi-isotonic model
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Crowdsourcing Problems with Unknown Labels

Vector of unknown labels z* € {—1,1}¢

Yy, = { xy,  with probability M;,

—x, with probability 1 — M.

Objective: recover the vector of labels * and close the
computational gap conjectured in [Shah et al., 2020]
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Crowdsourcing Problems with Unknown Labels

Vector of unknown labels z* € {—1,1}¢

Yy, = { xy,  with probability M;,

—x, with probability 1 — M.

Objective: recover the vector of labels * and close the
computational gap conjectured in [Shah et al., 2020]

Partial observations:

Yir = +a, with probability A.
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Spectral Method

Simple scenario in isotonic model:

0 0 00O 0O 0 0 O
. 1 0 h h O h 0O 0 h
M:M(G(°>,Q):§+ 0 h h 0O h 00 h
0 0 00O 0 0 0 O
0 h h O h 0O 0 h
» Rank 1 matrix: spectral gap if h is large.
» Compute:
b= sup 0" YI3 .
[[lvll=1
» In the isotonic model, use that

IM = Mllop > 1o imgy 1M — Ml|r

» Iterate a spectral method a polylogarithmic number of time.



O0@00000

Parametric Models

Observation Model
Y, = Bern(M;y), with M € [0, 1]"*¢
» Independent observations

> Poisson(1) observations per entry (7, k)

Noisy Sorting;: BTL: [Bradley and Terry, 1952|
[Braverman and Mossel, 2008] Unknown vector § € R"
My~ 2] >
ik — S| 27 (0,—6})
2 My, = 1-T-e(9i*9k)

For some v > 0

» Goal: Estimate 7" such that » 0;: ability of player 4
1
M= (iv1),mv() 2 3 T » Goal: estimate a ranking 7"

such that 0« 1) < -+ < Orn(n
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Non-Parametric Models

Observation Model
Y, = Bern(M;y), with M € [0, 1]"*¢
» Independent observations

> Poisson(1) observations per entry (7, k)

SST: [Shah et al., 2016] Bi-Isotonic-2D: [Mao et al., 2018]
3 unknown permutation 7*: 3 unknown permutations 7%, n™:
M+ x+ is bi-isotonic M+ = is bi-isotonic
05 0.6 08 . .
cg:|04 05 0.7 » 7" represents a ranking of the
0203 05 difficulty of the questions

> Mi]' 2 1/2 implies Mzk 2 Mjk

» Goal: estimate



00008000

Non-Parametric Bi-Isotonic-1D and Isotonic Models

Observation Model
Y, = Bern(M;y), with M € [0, 1]"*¢
» Independent observations

> Poisson(1) observations per entry (7, k)

Bi-Isotonic-1D: [Mao et al., 2018] Isotonic: [Flammarion et al., 2019]
3 unknown permutations 7*: 3 unknown permutation 7*:
M+ is bi-isotonic M~ is isotonic
» Corresponds to n* = id in the » No isotonicity constraint on the
bi-isotonic-2D model rows of M
» The questions are ordered by » More flexible than the bi-isotonic

difficulty 1D, 2D models and SST
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Summary

Parametric Models

. (0;—0k)

> Noisy Sorting: [M;, — 5| >~
Non-Parametric Models

» SST: M« is bi-isotonic

» Bi-Isotonic-2D: M+« is bi-isotonic

» Bi-Isotonic-1D: M+ is bi-isotonic

» Isotonic: M+ is isotonic
Sorting models by statistical difficulty:

Bi-isotonic-1D < Bi-Isotonic-2D < Isotonic
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Rates in Isotonic and Bi-Isotonic-1D Models

Isotonic Model:

n 5 432 | q3/2 5 n
R;erm n2/3\/;i n

* 1/3
et n-'°d n

Bi-Isotonic-1D Model:

n<d/3 | dP<n<dl|d

R;erm ndl 6 77,3 4d1 4

3|3 A

Rig nd'/? Vnd
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